AR EE 1 Modern Control Theory

Introduction

Essential Prerequisites

1. Elementary Circuit Theory
2. Elementary Control Theory
3. Matrix and its Manipulation

Classic Control Theory: single input-single output linear constant system (SISO)

Variable: input, output, error—feedback system

Method: frequency domain (response M)\ )

root locus

Modern Control Theory: multi-input—multi-output

Constant or time-varying, linear or non-linear system
Method: state-space (R A&“F[A]) , time-domain

Dynamic—differential equation
Static—algebraic equation

Classes of
Dynamics Systems

[

Distributed Lumped
parameter parameter
l
| |
stochastic deterministic

|

continuous time

discrete

[

non—linear

linear

l

time varying

constant coefficient

l

nonhomogeneous homogeneous

Chapter I  state space method in linear system

Part 1 Continuous System

Section 1 The State Space Prescription Of Linear Time-invariant systems

1. Linear Components on Analog Simulation



Amplifier

S [ a/(2)
Integrator

/(2) [ [ f(2)dt
Summer

ST S =LA
/, ’/@ >
/s

2. Formulation of State Equations

2.1 From Simulation Diagram
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state variable: output of integrator

(o
Xl_xz
X, =3x+v

< X3:X1_4X3+V2

" XY=AX+BV
V=CX+DV
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2.2 From Differential Equation

;/+7)./+6y=4v

X =
define .
X, =Y

X =y=1

0 1
xl=[3 0 0 |x|+ 10[”}
10

10 0 0 0
y= x|+
0 0 1 0 0

I

Jé :;/:—7)./—6)/—%41/:—6)(1 —Tx, +4v

y;[l o]mﬂo]v

;/+7)./+6y=41/+81./

4
dr

method 1. use operator 2 =
P y+Tpy+6y=4v+8py

(2 +Tp+6)y=08p+4)

Ny 8p+d )
W) P +Tp+6 w2

use simulation diagram as a tool

HE NN

here W(f ) is auxiliary variable



v 7w PW%W >
Lg-
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DT 14 p+ 8y =21 3t 4y

(P +7p +14p+8)y=Q2p" +3p+4)v

) 20 +3p+4 D)

WD P +77 +14p+8 m(7)

x| -8 -1 -7|x] |1
x,

v=[4 3 2]x|+[0]
x.

method 2. (— nested form)

P



P y+T1p v+14py+8y=2pv+3pv+4v

2 y=p (Ty+2v)+ p(-14p+3v) + (-8 y+4v)

y= l{—7y+ 2V+i[—14)/+ 3V+i(—8)/+ 4v)]}
V4 V4 V4

-8
|
9;1100—8951 4
X |=l1 0 —14|x [+|3|v
o) 01 —7]s] 2
X
y=[0 0 1]x |+[0]
X.

3

method 3. diagonalized, decouple

XY=AX+BV
V=CX+DV

set an auxiliary variable ¢

x= Mg g=M"'x (M+0)

-%J@:A/é:AM@+£V



g=M"AMg+ M BV
v=CMg+ DV

M'AM  diagonal

2.3 From Circuit Diagram
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. ar
state variable 7
/
{ZQ:[—A
ar
X=v,
input Vg
output l;)
let c=5
I.=cv.=35v,
° 1 .
V.= g Z,.
1 v, —V
Q+—%:%—S2C
! 14 3 14
Z —_ — _——
€Tyl y4c
V., = 3 14 ! 14
‘ 20 107
1 1
IL=——V.+—V,
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2.4 Simultaneous Differential Equation

{ P3N 6y 20y, =5,
)./.2"‘6)./1_)/1 -V, :7V2
PV ==3py, =6y, =2py, -, +5pv, + 0,
nested form
Py, ==6py+y+p,+7
1 1
M :_[_3)/1 _2.)/2 +5Vl +—(—6)/1 e + Vz)]
4 4

1 1
{yz :_[_6.)/1 +_()/1 +)/2 +7V2)]
V4 V4
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2.5 From Transfer Function

_>y2

1 output J

2 input V,V,

Y=1- = +
s (s+Ds+2) v, s+1 (s+D(s+2)
(5" +35+2)y=(s+2)y +2v,

vt s 2 2 120
S S

2 output ), V,

1 input V



_ | _
|:)/1:|: S-li-l v
e
(s+D(s+3)
v, ZLVZ (S-l— 3)14/ auxiliary variable W
s+1
P2 1 )(5+3)

(s+D)(s+3)w=v=(s5"+4s+3)w

<

2 input and 2 output

1 2 ]
Ml s+1 (s+D(s+2) | ¥
7, B 1 1 v,
(s+1)(s+3) s+3
solution 1: treat as 2 problems
1 2 v,
)/1 =
s+1 (s+D(s+2) || v,

1 1
(s+D(s+3) s+3

Y

| I
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The Solution of State Equation Of Linear Time-invariant System

A. B. C. D are time invariant or constant coefficient

solution 2: |:}/1 :| = S—l‘_ 1
e
(s+1)(s+3) |
section 2
| X=AX+ BV
Given
Y=Ccx+ 2.V

Initial condition _A( (O) 14 (f)

Find )/(Z‘) for 720

Solution 1. Frequency Domain Method
2. Time Domain Method
1. Frequency Domain Method by Laplace Transformation

SY - X(0)

=AX+ BV
(87— AHX =

BV + X(0)

for 720

=[S7— A BV +[SI - A" X(0)
V=C.S/- A" BV + .S/ — A" X(0)+ DV
= ([S7— A X(0)+{C[S/— AT B+ D}V

2. Time Domain Method by the infinite series

Consider unforced system

Y=c6x

A=A 10

10



X=ax
Consider the special case (scalar state)

70)
WD) ="k

And the solution is well-known X(O) = 604’

K(2) = 1(0)e”

X =4
In general vector case

X(0)

The solution is X(f) =e”. X(O)
How to find Matrix exponential e”  here A 7Xn Matix

A 1 1
e”’:1+czf+—'czziz +—'a3i3 + ..
define ) )

e’'=/+ Af+i/4212 +l/43/‘3 +oe
2! 3!

1614/ — Ae,{f — eAf 14

ar

Ze‘” =—[/7+ Af+i/4212 +— A7+
proof  f A

11



:[O+a/+lfaﬂr+l,43f2 +-]
I! 2!

:A[]+Af+%,42/ +--]

:AeA/
Y=L ¥ =L (o K= doe" K= AX (&" ismaiv
=— A =— . =A- = is matrix
ar ar
example 1. A isin diagonal form
A0 .
Given A= find €”
0 A

. |40 s A0
Solution A = A =
0 2 0o 2

A0
A=
0 A
1 0 |[Az O YR i
e”’:{ }+[1 }+ 2! i T )

1+ilz+%iff2 +---+l/lff”

7!
1 2 2 1 n 4n
0 l+ A+ =X +---+ =1
2!
&0
O e/lzl
example 2 Jordan Form

7!

A1 0
A=|0 A, 1| find &”
0 0 A

decouple the matrix

12



42 1 0] [a 0 077010
A4=|0 A, 1]=|0 A 0|+/0 0 1
0 0 4| |0 0o al]o o o0
A=A+ P
fNN =" " " AP=PA
g 0 0
=10 & 0 |¢
0O 0 &

ep’=]+Pf+leiz +1Ff3 +oe
2! 3!

1 0 0] [0 1 0 1001 1
=|0 1 0]+]0 0 1i/+—10 0 012+—'[0]z3+---
00 1| ]0 0 0/ |0 00 '

1 1

1 r =7 1 ¢+ =7
2! 2!
e"=&"10 1 ¢ e’ =10 1 ¢
0 0 1 0 0 1
i 1, ]
-4 1 0 1 ¢ 5!1
if A=| 0 —4 1 then e =e V|0 1 V4
0 0 -4 0 O 1J

Frequency Domain

0 1 y
A= find &
-2 -3

s -1
solution [S]— 14] = 2§43

G 1 S+3 1
7= 4] CS(S+3)+2| -2 8

13



s+3 2 -l
S +35+2 S+1 S+2

14

=2¢' —¢°

[1,1] term

3. Calay-Hamilton Theorem
Matrix A}W

Characteristic Polynomial of A

A -A=X+C A" +C A7 ++CA+C, =0
ie. A=A)A-2)A-A)(A-2)=0

AL, A 13 ﬂ,” eigenvalues of A matrix

127729

C-H Theorem
Every square matrix satisfies its own characteristic equation.

Example A=

2 -3
A/—4=0
‘i - =AA+3)+2=(A+1)(A+2)=0
2 A+3
A +34+27=0

1
0

-2 -3 0 1 0O (0 O
+3 +2 =
6 7 -2 -3 I 10 O
every f(l) can be expressed in terms of O, + Otlﬂ,
under the conditon A +3A+2=0  andif f(ﬂ,) =A+ 20 +1

N =-31-2
N =302 =24 =-3(-34-2)=24=TL+6

by C-H Theorem

A +3A4+27=0

e’ =7+ Af+%/4212 +%A3t3 +o=a,(O)/+a(HA

14



for A =—1 e’ =a,()—a, ()

for A =-2 e’ ' =a,(9)—-2a,?)

14

a(H=e'—-¢’

a,()=2e" —e”

solution

A - 2 10 - )
e’:(2e’—e’)0 +(e'—e”

1

‘ 2€—z _e—zz e—/ _6—21

1
-2 =3

2’ +2e —e'+2e”

4. Diagonalization of A through similarity transformation
X =4
X(0)

Unforced system

Let A = Mq M nonsingular

Then M.q = AMq

g=M"AMy
case 1. A has distinct eigenvalues
There must be a non-singular M such that
}’1
M AM = diag(A A A, 1) = 4 . =A
A’n
Procedure to get A/
M=[M,M,---M) M AM =N AM = MA

15



ALM M, M =M, M, M)

2 n

[A7—AM, =0

I=12,--nm

2 -2 3
example A=11 1 1
1 3 -1

AZ— A= 2 =222 =52 46=(A+D(A+2)(A-3)
A =—1A, =-2,4 =3

(A0~ A0, =0
A=2 2 -3 | m,
-1 A-1 -1 |m, |=0
-1 -3 A+ m,
A =1
—1
M =1
1
11 1
similarly A7, =| 1 M, =1
—-14 1
-1 11 1 1 0 O
M=|1 1 1| M'AM=|0 -2 0
1 —-14 1 0O 0 3
5

Given X= AX X(0)=| 6
)

16



Find X(Z‘) for >0

Solution Let X = My g=M"AMy

9, 1 0 0fg
Then g, | = 0O -2 0 g,
2| 10 0 3]g
170 (=g 0)
g9, = _292 9, (f) = 6_2,q2 (0)
q.3 = 3q3 78 (f) = €3ZQ3 (0)
-15 25 -10

1

where q(()) = M_IX(O) = % 0 2 -2

15 3 12

deduce &” given A

suppose M AM = A
AM = MA
A= MAM"

e’”=/+/41+l/4212 +l,43f3 oo
2! 3!

2

_ MM+ IMAM + % (MAM Y MAM ) + -

= M{/+ Af+%1\212 ot M

= MV M

95
30

15
23

10




e’ 0 0
e’ = 0 &' 0 |M'
0O 0 ¢

general solution
X(2) = &" X(0)
X(7) = Me" M~ X(0)

Given {X =AY Assume that .4 has distinct eigenvalue AI , Az , 13 cee iﬂ
A(0)
Then there exists a non-singular A/ = [M,M ) -M ”] such  that
l1
M AM =
iII
Transformation Let A= Mq
_ll -
) -1 Az
g=M AMg = : g
- A‘” -l
g, = }’191 g9, (f) = 6/11’%(0)
q.z = A«zQz 9, (f) = e)Lz,qZ (0)
) [(H)=¢"g,0)
7,=44, ! 7.
(7,(0)]
7,(?)
X() =My =M, M,---M] "
vaul

18



=M gD+ M,q,()+---M,g,(0)
=M g ()" + M,q, (e +-- M g (e
X(0) =M g(0)+M 4(0) +---+ M 4(0)

where g, (0), g, (0) g, (O) are arbitrary constants

. 0 1
example : X = X
I 0

1 A
A =-12 =1
] A 0] [-1 0
M AM = ~
0 2| |0 1

-1 1
et

{/l —1} )
(/- A=|" =X —1=(A+1)(A-1)

S

Il

S}
N[ =N —

Let X'=Myg then X(2)=M g(0)e" + M,q,(0)e™

=M q,0)e" +M,7,(0)e

. e .. /
adjust initial condition to suppress € mode

7(0) = M X(0)

1 1
70]_| 73 2 [£©)
ZOINRENE PA0)

2 2

—1
70)=0 £0)=-10 X(f){l}ql(mef

19



Case 3
A has repeated engenvalues M]— 4 =(1- ﬂ,l)ml (A - Az)mz (A — ie)m

suppose (l — 2)3 (l + 4)4

2 x | ]
|
2 x
|
|
fnd MAM = :T___4_";< “““““
i -4 x
| -4 x
|
! | —4
superdiagonal X either 1 or 0
(4 1 ]
|
, 4 1!
suppose M~ AM = A | =J
e [
i -5

AM = MJ
AMﬂMzﬁMﬁMt] :[MﬂMzﬁMﬁM]J
[AM, AM,, AM,, AM | = [AM,, M, + A M,, M, + A M,, A, M,]

AM, =AM,
AM, =M + LM,
AM, = M, + M,

AM, =1, M,
1 0 0 1
example Given X' =1 1 0| X X (0)=|4| find X(7) for 220
2 3 2 2

solution A/ — A = (A —1)*(A-2)
A=A =1LA=2



1 1T 0 1 00
M'AM={0 1 O0lo |0 1 O
0 0 2 0 0 2

AM, = M, [/~ A1, =0
{ AM, = M, + M, { [/~ AM, =M,
AM, =21, [27- A\, =0
0 1 0
M=\ 1| =0 M=|0
-3 -5 1
0 1 O 0O 1 O
M=|1 0 O M'=|1 0 0
-3 =51 5 3 1
1 1 O
M'AM =0 1 0
0O 0 2
1 0 O
solution1 Let X = Mq then g = 0O 1 0 q
0 0 2

7,(0)=€¢,(0)+ 2 ¢,(0)
7,(2)=€4,(0)
7,(2)=€"¢,(0)

solution2 X' = AX



|
X =e"X(0)= e | |MX(0)
Forced Systems

State Transition Matrix

Definition: linear time invariant system _X~ AX

The STM @(Z,Z,) is a matrix (with argument 7, Z,
Suchthat X(7) = ¢(7,2,) X(2)) forall 2,7,
ex. 9(5,2) then X(5)=¢(5,2)X(2)
$#(9,6) then X(9) =¢(9,6)X(6)
the general solution X(7) = e” K
at =20, X()=e"K . K=e"X()

X()=e"" X(2)
Sp(z,2) ="
S 9(2,0) = "

Solution of a forced system

Given X=AX+ 5V X(0) ie. X(2) find X(7) for <2,
Y=Ccx+.pr
e X=e"AX+e "BV
e Xme " AX =" BV
d
—[e " X(D)]=e" BV
df[ (9]

[ e X = [ e BV (2 )
dr 0

e"X(-e" X)) =] e" BV (t)dr
X(=e"""X(2)+e"[ e BV (t)dt



=" X (1) + j; e BV (t)dr

WD) = Ce" ™ X(2) + [ Ce"™ BV(v)dr + DV (2)
Frequency Domain

Solution ¥ = {([ 87 — A" B+ DYV + (.S - Al X(0)

Numerical integration

Forward Euler Method (integrate step by step)

x=ax+bv

A+ D)7 = k7)) + T{ax(£T) + bW AT )}
= (1+ al)x(AT) + T AT)

=0 A7) =(1+al)H{0)+ 7510)

k=1 227 =(+al)AT)+T6n7)

Backward Euler Method
dx

A+ D71= 7Y+ 7

A+ D7) = A7) + THad (£ + D7+ b1 (£ + DT}
XA+ DT =7 - ATV {X (4T + 7BV(4+ DT}

here a => A b= B

=) T

Trapezoidal Method
ax

1 dx
/I/[(k—i_ 1)]] - X(k]’) +7- 5[(}):/(7 + (Z)F(kﬂ)f]

Part 2 Linear Discrete Systems

X[(F+ D)7 = AX(AT) + BVAT)
Y(AT) = CX(AT) + DV(AT)

Formulation of State Equation

State Equation

1. From Simulation Diagram
a) amplifier
b) summer
c) delayer
difference equation



A 4
)]

\
BT [ R(kD) Sanaid

WAT) 7

{ X[k + D)7 = x, (A7)
KL+ 171 = 43, (A7) =30, (A7) + HAT)

a5 )

AT = 2x, (K1) + 5x,(AT)
c=[2 5] »D=0

2. From Difference Equation

y[('k.+ )7+ 4k +2) 7]+ 6 (A + 1) 7]+ THAT) = SWAT)
MNA+3)7=-4 (A +2) 7= 6{(A+ D7 =T A7) + SWAT)
MAD) =4 (h =D 7= 6{(A=2) 71 =T (A =3) 71+ 5{(£-3)7]

MNAE)T] AA+2)7] AU +DT]

»(kﬂ—»sj%—f > 7 Y 7 > N(47)
—4|e
_64—

define shift operation /£’

B (D)= f[(k+1)T]
E-Ef(RT) = f[(h+D)T]

1
—/ D) = /1 =D7]




E VT + 4B (AT + 6 EVAT) + TIHAT) = BE +9E + 5)W(47)

MAT)  3E+9F+5
WAT) E +4E£ +6E£+7

WAT)
Define = A’
E+A4E +6L£+7 MAT)

WAT) = (£ +4E" + 6 E+ T w47
VD)= BE +9E+5)m4T)

Method 1.

» 3

» 9
(£+3)77  w(4+2)7]1  w(4+D7]  wm47)

WAT) ‘

\4
(V)]

7 > 7 > 7

—4le

Method 2. nested form

LKD) = —AL" W(KT) = 6 EYAT) =T (AT + SWAT)

_sé—w(m

1 1 1
MAT) =~ 3ANAD) + =60 + — (ST IAT) + SUAD))];

3. From Approximate Continuous System State Equation

X HR 5 A w LR B R R

2?2?7727



Solution of the unforced system

. X(A+1)=AX (k) 0 YR FOF
Given Y= C/I/(A’) ( ) find ( )» ( )

Solution: £ =10 X(l) = /4/1/(0)

X(2) = AX(1) = £ X(0)
X(3) = AX(2) = 4 X(0)

X(F) = A4 X(0)
A" state transition matrix, i .e. ¢(A’,0)

Methods for finding A

1. by direct multiplication

2, ] 2, CAf
A= - diagonal matrix - =
L A’n _ /l” /I”A
v _
A= . 1| Jordan form
L Aﬂ .

Binomial Theorem: scalars (d + 5)2 =& +2ab+ b
(a+b0)'=a"+Ca"b+Ca™b +--
matrices (A+ B)z = (A+ B)(A+ B)

=4 +BA+ AR+ B o 4B BA
=4 +248+ 5

(A+B)' =A"+C A" B+CAF +--

iff AB=2F5A



(A1
A1
A

A
A

2. diagonalize

M AM = A
A = (MNMYMAM Y- (MAM ) = MN M

0
Bx. X(#+1) =[ 0

|

1

A

A«/{

A

B O ik_l

0
+ A

170 1
0
+
AlL
}f_l
O A/c—l
O -

1

HA-1)

+

0]

2!

or

: }I’(k) . X(0) find X(F)

0 0

0

l&»—z
0
0

- 1.5
X&) = A4 X(0) A 0 1
Solution: = =
~05 15
AL A = & =1 -1524+05=(1-0.5)-1)
105 A-15 ' T '
2,=05 2 =1
M=[M ,M,] { [A/—A|M, =0
[A7—AM, =0
1 1 o[22 -2
M= M =
05 1 -1 2
P I 105 o] 2 -2] [-1+2x05° 2-2x0.5'
o5 1| o 1*|-1 2] | 1+05° 2-0.5¢

2. Caylay-Hamilton Theorem

Every square matrix satisfies its own characteristic equation

A

0

-05 1.5

1

} find A"

ik_z
0




M =21+ =, (F) +a,(AHA
A =a,(F)+a,(hA

{ 0.5 = o, (F) +a,(#)-0.5 { a,(#)=-1+2x0.5"
1 =a,(#) +a,(#) o, (#)=2-2x0.5"

) 1 0 o 1
A =(-1+2x0.5") +(2-2x0.5")
0 1 ~05 1.5

4. / transformation

X(k+1)= AX(F) + BV (F)
Given X (O)
Y(#) = CY(A) + DV(#)

find X(4) and Y(4) for #=0,1,2, -
solution: X(0)
k=0, X(1) = AX(0)+ B(0)
k=1,X(2) = AX() + BV(1) = £ X(0) + ABV(0) + BV ()
k=2 X(3)= AX(2)+ BV (2) = A X(0)+ £ BV0)+ ABV (1) + BV(2)

In general X (/£) = A/(X(O) + A‘le)y(()) + A‘Lzb)V(l) +---+ /fBV(A’— 1)
= £ X0V + S A u(k~1) BV ()
for A= 0,1,2, e here Z/() is unit function

Yb) = CA' X(0) + S CA“" u(k — 1) BV (1) + DV (F)
S ZUI=E S~ = F()
1 1 1
= SO+ /)4 Q) bk SR

SO ZUUINZE A~ = F(2)



= O+ AT+ SR L+t SUD)

Ex. [f(O)=u(?) fnd F(2)
F(z):1+1-l+1-i2+---+1-%+---
z z z
= 1 =2 iff |— <1
1_1 z—1 z
z
Ex. f(f)=€7‘” /=47 7 issampling period
F(Z):1+e_”-l+e_2”7-Lz+---+e_””-%+---
z z z
. iff| <1
|- 1 z—e” e’z
e’z
Ex. f(f)Zf
1 1 1
F(2)=0+7"—+27 —+-+ k- —+-
z z z
:Tl[l+2l+3%++k 114_...]
z z z z

I+w+w+w+--)1+w+w +w +--)
=14+2w+3w +4w' +---

]’l[l+2l+3i2++k 1_14_...]
z z z z
:Z(l+l+i2+...)(1+l+i2+...)
z z z z z
71 ., Ir
:_( 1) = 2
z ! (z—-1)
zZ
iff |— <1
z




SO > F(2) flr+T) o 2F(2) - 2(0)
ot ZUf 0+ 7)) = 2 LA+ QI+ ST+

= LAY+ QD BT+

=4ﬂm+§ﬂﬂ+§¢uﬂ+§¢6n—ﬂm+m}
= 2A(2)~ 7/(0)

Inverse / Transform
1. Long division

F(Z):w:4l+2i+-..
2249241 z Z
4l+2i5
z z

Z* +9z+1)425 12741

4z +36+4l

z

2z-35 —4l

z

2z +18L4+2i5

z z

—35—41—18%—2

z z

1
ZS

-

TN © h~ O




Sk =d

reference formula

L:1+ Wt W 4= 0
I—w #=0
: —=1+w+w +-- )1+ w+w +--)
(1=w)
=1+2w+3w +4w +---+(A+ D) +---
=3 (k+ D'
1 =i(k+l)(/(+2)w*

(1-w)' & 2
1

_35 (A+D(h+2)(h4+3)(h+ 4)14/
(1-w)y = 4!
F(z)= oy find f(4)
F@ﬁ=l° ! =lﬂ+2£+x£Y+~):l+zgqgf;+m

zZ

2. Partial Fraction Expansion

2z+7

Ex. F(Z) =
1 1
)z - g)(Z— 7)

1
P
3

F(z) 1 2247

(

z Z. 1 1 1
(z— g)(z— g)(Z— ;)

zZ zZ zZ
_1+@ _1+@ _l

3 5 7

S =650 + é(%)" b (%Y +h (%)f

F(2)=b+5




{ b k=0
the 1 term =
0 4£=123,--

3. Residue Theorem

Flz)=——= el
=1 (Z+D(z+D(z-1)
RN
z l—i z 2z
Z4
1 1 1
= —+—+

1 A£=3,7]1115,---

0 otherwise

Part 3. Sinusoidal Steady State Analysis

1Q 054
+
o () 1
n() 2F -,
Given V(7)) =10cos2z
Find V, (f) is steady state
Hig="re L
v, s +2s5+1
10s
v.(s)=
/() s +4
1 (s) = | 10s 10s

S 42541 £ 44 (s+1) (5 +4)



1 1
—3+4; 5,221

- /221

et s=,w= 72 H(j2)=

v, =2e
v,(2)]_,=2cos(2z—-2.21)

B s +s5+1
s +055+05s5+1

Ex. H(s)

A
I

v.=cosz, w=1, s=,w=/1
find 1, (1 ) in steady state
2n
solution: H(jl) =—1+ /= \/56/4

=2 cos(7+ 377[)

()

—©

check whether 1 (f ) is right or not .

-1

s +s5+1 s
s +055+055+1 5 +1

05+ ,4/025—4
2

v, = H(s)v,(s) =

poles: S8 = —1, S

so the system is unstable, cann’t solve this question by the method: V, = V74 V.

giscrete: Given  X[(#+1)7]= AX(AT) + BV(AT)
{ Y(AT) = CX(AT) + DV(KT)
V(AT) =V, cos(4wT)
find V(A7) in steady state

Yz)=z/- A" zX(0)+ {( z/ — A" B+ D}V (2)

assume the 1% term contributes nothing to steady state.

Because eigenvalues of A<1

Then Y(2) = H(2)V(2)



wl’ JiwTl
VT) = v coshwT =y < Ft€

O P E——.—
2 z=" 2 z—e"
H=HOS o+ ]
z=e" 2 z—e”
wz Wz
= — + — +eee = O
z—e" z—e”
ift. | pold <1
Ex. Vo4 (Z) = d in steady state
(7= D=
2 4
e = WZ.T N WZ_T
z=e" z—e”
where = llm[ (Z) - e’w)] = ﬁ[{(e/wr) = ﬁﬂmeﬁ
2 2
Then F(2) = v H e z . v H e z |
2 z=e" 2 z—e
H el He”
)/( k]*) — Vm ;ﬂe/ e/kWT + Vm me e—//{wf
2 2
_, V7 4
m T m e/(9+kw7) + — /(O+4AwT)
5 ——( )
=v H cos(siw7+0)
Y z
Ex. ; = H(Z) = 1
F——
2

V(AT) =10 cos(wr+ %) = 10cos(0.24 + %)

if w=2 7=0.1
find (A’]) in steady state



solution: [H (Z)]Z= S0

C  _1925¢7"

e — l
2

Y(AT) =19.25cos(24T + % ~0.19) =19.25cos(0.24 + 0.595)

conclusion:
1. continuous
WZ#)=v, cos wrt » H(s) ——— 1(?)

N)=H v cos(wr+0) where Hme’@ =[H(s)]

s=w

if the system is stable.

2. discrete

Wk =v, cos(kwT) >y H(2) AT

)/'(A’]‘) = Hm 12 COS(WT+ 0) where Hme’@ = [H(Z)]FL)W

Chapter I Lyapunov Stablility

Section 1  Stability Definition

. Asymptotic Stability (zero input)

Without any input, Jf, X eventually become zero

X() = AX + BV
V() =CX+DV

1) continuous system

The system is said to be asymptotic stable with zero input, lim X (i ) =0 forall
[—>0

X(0).

X(k+1)= AX(F) + BV (F)
Y(#) = CX(#) + DV (k)

2) discrete system

The system is said to be asymptotic stable with zero input, lim X (A’) =0 forall
[—>0

X(0).

Testing method:

10



1) continuous system
X(7) = " X(0)

adjl.s/ — A|
Ay

s/~ 4= =2)A=2,)(A-2,)

eA/ — [—I[S]_ A]—l — [—l

All the eigenvalues of A should have negative real part <= The system is

asymptotic stable.
2) discrete system

X(#) = 4 X(0)

2 | RO E

A =zz[-A" 23 =" {——— =
el =4 {\21—4 (z=24)(z=1)

}

All the eigenvalues of A have magnitude less than 1 (within unit circle) < The

system is asymptotic stable.
2.  BIBO—bounded input bounded output (zero state)

The system is said to be BIBO stable if with X (0) =0
Bounded inputs bounded outputs:

1) all the poles of transfer function Vo4 (S) have negative real part <=> BIBO stable.
H(s) = (57— A" X(0)+ {([s/— A" B+ DVV(s)
Y(s) = H(s)/(s)
number of poles < number of eigenvalues of A

2) all the poles of Vo4 (S) have magnitude less than 1.

Cadj| s/ — A|B+ D s/ — A]

57~ 4
conclusion: Asymptotic stable —> BIBO stable
BIBO stable —> may be or may be not Asymptotic stable

H(s)=(s/— A" B+ D=

In steady state

W)= Hmp:” cos(wz+0) if system is AS or BIBO &
X(0)=0.

WA =H YV cos(hwl+0) H " =[H(2)]

if system is AS or BIBO & initially relaxed.

_ /T

z

11



3. Lyapunov Stability
with /| (f) = 0,if for every X (0), X (Z) remains bounded for all 7, then we say
the system is stable in sense of Lyapunov.
Testing method: 1) Eigenvalues of A Re ll. <0 for all ﬂ,l., then stable in sense of
Lyapunov.

2) ifsome Re ﬂ,}. > () => not stable in sense of Lyapunov.

3) Ifsome ll. has zero real part, need further work.

Section 2. Lyapunov Theorem
Positive Definition Quadratic Function

Let V(.X‘) is a scalor function of vector X, S is a closed finite area of X~ space
including origin,

Definition: V(.X‘) is positive definite (or semi-positive definite) if for all the X ins:
1) V(X) has continuous pariial derivatives to each element in X.
2) /(0)=0.
4) when X # 0, V(.X‘) >0 (or V(X) > O)
if in 3) the inequality is in opposite direction, then V(.X‘) negative definite.
Ex. l.function V(x) = Xlz + Xzz
1) when XIZXZZO,V(X)ZO
2) X or X, F 0, V(X) > () therefore V(.X‘) is positive definite
2.function V(x) = (Xl + X2)2
1) when XIZXZZO,V(X)ZO
2) X or X, F O, V(X) > 0, therefore V(.X‘) is semi-positive definite.

The quadratic function p(x) = X"PY

12



Vs : weighting matrix , P =

(=2 Y Pxx,

=l j=

—_

4y

p}il

pln

13



Sylvester Theorem

a. £ is a symmetric matrix, A(X) is positive definite, iff all the pre-sub-determinants are

positive.

P Pi
Py Pxn

,detl o oy Py s "'adet[P]

} Pn P P
Py Py P

ie. g, det{

b. if all the sub-determinants are non-negative, then A(X) is semi-positive definite.

Qe pll’pzz,p33,det|:p“ p12:|,det|:p“ Pls}de{pzz pB}---,det[P]
P Pxn Ps P Py P

c.if —A(KX) is positive definite, the A(X) is negative definite.

Lyapunov Theorem

System X' = f(X,7) is stable at its origin, if there exists a positive definite function /(X) in

some neighborhood of the origin, such that the derivative of Vo,

%V =3 Z—V éj" = ang—y Ji(X,7), is semi-negative definite.
¢ S ox, ar 4 ox,

Furthermore, ‘/lmim V(X)— oo, then ¥, =0 isstable in large range.

| Al
Another version: /(X)) >0, .V (LX) <0, then the system is AS.
The zero solution of system /.Y = f(X,?) is unstable, if in some neighborhood A& of origin
there exists a positive definite function /(X)) , its derivative .V (X) is positive definite in A
Thatis: /(X) >0, .V (LX) >0, then zero solution of system /.Y = f(X,?) is unstable.
Conclusion: D /(X) >0, .V (X)) <0= stable
@ H(X)>0,/(X)<0=> AS

@ (X)>0,/(X)>0= unsiable

L]
2 2
X =0 -5 +5)
ex.

2, 2
X, ==h =5 )



equilibrium state (condition: x; =.x, =0

ie. 1 =0,1,=0
define a Lyapunov Function as /(X)) =x + 15

furthermore, /(X)=2x, x,+2x, x,

=200, =207 (4 +25) =200, = 20 (4 +.13)
=-2(x' +x;)* <0

then the system is AS.

ex. | ., |=
1, -1 -1 x

the only balance state: .x; =0,.x, =0

1. define Lyapunov Function as #(X) =] +x; is positive definite,

furthermore, #(X)=2x, x,+2x, x, =21, is semi-negative definite ,

at the equilibrium state is stabe, not AS.

1
2. define another Lyapunov Function as /(X)) = E[(x1 +.x,)" +2x] +.x7) is positive definite,

furthermore, /(X)= (% +x,)(x+x,)+2x +x, 1, =—(x" +13) <0 is negative definite,

so the balance state is AS.
Conclusion: O Lyapunov Function is not unique;

@ L.T. is sufficient condition of stability, not necessary condition.

Section 3. The Application of Lyapunov Method in Linear System
1. Test the stability of Linear System

System Y= AX, define Lyapunov Function /(X)= X" 2PX,

The derivative of /(X)) to 1 V(X)) =X"PY+ X PX

= X" A PY+ X PAXY
=X (A" P+ PO =X 0X

O=A"P+PA

if —( is positive definite, the () is negative definite.



Let O=—/,see P ispositive definite or not?

Theorem: X = AX the eigenvalues of A /1[,),/ forall 7, /=12,---,A # ),_/ # 0 ,such

that Q= A" P+ PA has unique solution.

0 1
ex. A=

et P:|:pll p12:| L O=-1
P P

{0 _2}{1”11 plz]‘_{pll p12:||:0 1}:{_1 O}
I =3]l7, 2» Po Pn|—2 -3 Ul

1
P =75P0 = Pn :Z

P=

, P is positive definite.

R R N A R N O
A==

So X7 PX is positive definite.
So system is stable.

Method 1. find the Lyapunov Function

5 1
a1 4l
(X)) =[x,x,] 411 411 {xl } = %[5%2 +2x.0, + Xg] is positive definite
— "
4 4

. 1 . .
VX)= Z[l 0, x,+ 2.0, 4+ 2x, 4, +2x, x,] =—(x +x]) is negative definite.

So system is stable in large range.
Method 2. Sylvester Theorem

.. P is positive definite.
.". the origin is AS.

X o=—x -2 I L
Ex. the equilibrium state: if x, =x, =0
X, =x —4x,



-x—-2x,=0 0
SX, =
{ x,—4x, =0 “ 10

1 -
Gi A= let O=—/
iven L B 4} et O
B 1
<P 60 » P 60 s P 60
B -7
_| 60 60 | . L ~
P= __7 H is positive definite.
60 60

.". the equilibrium state is AS.

Several Performance indices of Lyapunov system

V(X.0)

Define n=-— V(X.0)

to AS system, 11 >0

nT , the convergence of the movement is faster.

z
—J'nf/l

If i isaconstant,then V([X,7)=V(X,7)e *
= (X, 0"

VX,0

7)), . . .
] is the slowest velocity towards the origin.

define 1. =min[—
V(X,0)

System X' =A4X find 1,

All the eigenvalues have negative real part, i.e. the system is AS in large range.

Let /= X"PX then V'=X"0OX where O= A" P+ PA

Under the constraint of #' =X 2Y=1 to find X such that »'=X"0X is

|

minimized, ie. min{X” OX: X7 2X =1{=min -
V(X,n

Solve by Lagrange Multiplier
/V:XTQX+,u(1—XTP/I’)

oNV

0= 20X - 22X, =0



(©-pAX, =0
det(0- ) =0

o' -ui=o

: 0 1 |wx
ex. Given /Yl = "LE=05m, =1
-1 -1|x '

RS}
estimate the maximum time constants by Lyapunov Function

define /= X7 PY then V= X7 OX = X7 (A P+ PAX
0 -1 0 1 -1 0
let J=—/ therefore { }{pﬂ 21 } + {pll £ }{ } = { }
L =17, 2» YZPRVZoY el Ul

1
2,50 V:XUDX:%[()(1 +4,) 4200 + 7]
1

N
Il

. o2 +a)
V :—x2+x2 , [ — 1 2
(D)=-ti+n). n Vo3 42xx, 4210

M _0, then x =1.6181,,x =-0.618x,
ox,

substitute in the equation 1. =0.553,n, . =1.447

=1.8Ls

", the upper bound of #* converging time is

min

V(X) converges twice faster than X(7), i.e. the upper bound of converging time for

X, t= i =3.62s5
nmin
time constant 7' =—— =2
sw,

ex. Given the 2" order system

x+2& ¥+ x=0 the damping coefficient is greater than zero.



Define V(.X,&) = jXT(z)QX(z)dz

1 0
Let Q:[O ’u}yZO,ﬁnd & to minimized /

solve the equ. Above A(&) =

ala) o 2l
E
1 =2 ||, —1 —2¢

§+1+_'u l
4& 2
1 I+u

2 4&

V(X(fo)):XT(fo)P"‘PX(fo)

when x,(7,) =0, then

e (fo)+[1:—;][x12 (1) + 2 (1) + 5 (1), (1)

XD _ 2,1 142’;‘ )de. &=

1+ u
2

1
choose p=0,¢= > & s too small and system oscillates.

1 0
0= {0 0} , integration index /(X&) = j,rlzdl;

choose p=1,£=0.707, & isideal damping.

1 0
0= {0 J , integration index V(X,&) = J(xlz + 3 )dt

Section 4. The Application of Lyapunov Method in non-linear system

1. The 1% Lyapunov Method

Suppose /()

is continuous and differentiable vector function, it is linearized in the

neighborhood of the equilibrium state to o , the X' =A4X+g(0,X) , where

A=

;

7

),y L/=L123,---n is Jacobian Matrix at point A7 .

The linear part of the equation o X' = Ao.X" is the 1t order approximation:



1) if the linearized equation is AS, then the original system is AS.

2) if the linearized equation has even one root with oppositive real part, then the zero
solution of the original system is also unstable at the origin.

3) if the linearized eqution has some eigenvalues with zero real part (marginal case), then the
stability of original non-linear system could not be tested by the linearized eqution. And
the 2" and higher order term must be considered and the 2" Lyapunov Method is used.

Proof: define V= X'"PX, V=X"X, O=-7
Derivative .V(/I’) =X X+( i lM)xa x;,0< £, <1
ape12 Ox, Xy

The coefficients of 2" order terms are bounded, therefore, in a sufficient
neighborhood.

. 1 1
R P

obviously / is negative definite.
". original system is stable.

L]

3
X =-x, +ax
L]

Ex. Given non-linear system {
_ 3
X, =x +ax,

Test the stability at zero state solution.

e 3ax; -1 _ 0 -1
1 3ax 10 1 0

the characteristic equation and its eigenvalues:

D) =|Ad-2=2 +1=0,A=%/
define Lyapunov Function /= %(,1’12 +.3), then V =x(x, +ax)+x,(x +ax))
= a(x +.13)
1) >0, .V p.d., the origin is unstable.
2) @a=0, .V: 0, origin is stable, but not AS.

3) <0, V nd., originis AS.



2. Define Lyapunov Function for a non-linear system
no unified method for non-linear system

for pendulum

H= (pz—}ﬂgsin(p-/ , where A = ml*

dr
deo g
=—2gin
z e
do
set @ =.x,, Z:XZ

X1 =X,
then R P
X2 = —7sin X

1
let V(xl,xz):zxzz +§(1—cosxl),obviously 0<xy<nm

so FV is positive definite.

V=ux, xz+§sinx1 X =x2(—§sinx1)+§sinx1 X, =0

so system is stable at origin, but not AS.

. X ==2x +2x,
Non-linear system {

X, =—X,
(a) 1% method

L/
o _|ox om |_|-2 81y _|-2 0
ox |9 9 o -1 sz 0 -1

ox, O, 0

s |1=-2 0
linearized system ¥ ={ 0 JY at V=0

LA =-2<0,4, =-1<0

linear system is AS at origin, also original system is AS at origin.

(b) Krasovski Method to build /(.X)
Non-linear, time-invariant unforced system

J(0)=0, f(X) isdifferentiable to .x;,.x,



Jacobian Matrix (LX) =J"(X)+J(X)  (where P=7)

For the example above,
o) = -2 0 +—2 0 _—4 0. tive definit
=0 _1 o -1l7l o -2 is negative definite.

Then X, =0 isAS (sufficient condition)
—2x +24 }

It [0, M0 = /7 () ) =[-2x +2x§,—x2]{ A

=(2x+21)° +x, > o

then the system is globally AS.
(c) variable gradient method
o
\Y%
set M(X), gradV = gxyl :{ 1}
ox,

=0V v O L~ (graary ()

V=—x+—x,=

2l 22
ov, 0V,
o(gradV) | ox 8_262
oXx ov, 0V,
or  or,

if symmetric, the 70f(gradV)=0.

_|lam dpt
Step 1. let gradV =
anX  dpt

Step 2. build /(X)) = (a,,x, + @, 0, )(—=2x, + 225 ) + (@, 4, + @ x, )(—x,) < 0

Step 3. from gradV tobuild V(.X) ina conservative field

1 (1, =0) X (y=x)
o (”11“"1"’alzxz)d]/‘ﬁ"‘.[02 (@ + ay ) dl,

=]
= lauxlz Tayny, + _azzxz2

2 2
Chapter Il Canonical State Models

Controllable and Observable

Section 1. Canonical State Models

Four Canonical State Models



Ex. v+Sy=u+2u
yv=F(y,yu,t)==5Sy+u+2u

D) yv+ay+a, yray=bu+but+bu

y b+bp+bp
<= 33 22 1 é 10)=0
u prap tapta &

”:(p3 +a1p2 +ta,p+a;)é
v=(b, +bzp+b1p2)§

M 4
b,
u S
i
4 -a, —-a, —a|x 1
X =1 0 0 ||x|+|0|x

x, 0 1 0 |x| |0

4

Y= [bl by, b x|+ [0]”
X3

2) Laplace Transformation

(8" +a.s" +ays+a)V(s)= (b5 + bys+b,)u(s)
1 2 3

3 5 u(s):@u
s +as +a,s+a, a(.s)

Y(s) = Hs)a” (s)ul(s) = H5)S(s)

where E(5)=a ' (8)u(s)

bs* + b5+ b,

H(s)= ()



R0 J/ s
_ﬂ2‘
_aBA

X 0 1 0 |l x B,
X, |=| 0 0 1 |[x, |+]| B, |«
.);3 —d; —4d, —a4 |4 B,

X
y=[1 0 0]ux, |+[0]

X3

1 1 1
Let x; =y J/:_(blﬂ_QJ/)+_2(52”_d2)/)+_3(é3”_d3)/)
V4 V4 VZ

1 1
Define  x, = py=25bu+x, when x, =-ax +—(bu—a,x)+—(bu—a.x)
7

X, =—a, x+(bu—a,x) +l(173u— a,x,)
P
1
= (b, —ab)u—apx, —a,x + ;(53”_ a,x)

1
where ¥, =—-ax, —a,x, +—(bu—a,x,)

L] L]
X, =—a, X,—a, x,+bu—a,.x

(2
=(@ b —ab, —ayb + by))u—ax; —a,x, —asy,



ﬂl bl 1 0
B, |= —a,b + b, = T4 1
B; alzbl —a,b, —a,b + b, 412 -4, a4

here f,,B,,B; Markov %
3.0bvservable Canonical Form

)’(pS +d1p2 ta,p+a)=(b +bzp+51p2)y

b b
—ali—azl—a3l+—3u+—22u+—lu

04 1 0 0| |4
02, |=|aq 1 0f |5
1| 4 a, a 1| |5

,)/:
p 2 PP P p
1 1 1
=—{(bu—ay)+—[(bu—a,p)+—(bu—a,p)]}
4 V4 4
U
A A
4 -a 1 0| nx b
X, |l=|—a, 0 1|x,|+|b |u
};3 —a, 0 0f x b,
4
y=[1 0 0]ux, |+[0]
A3

4. Controllability Canonical Form



B

B,

X X g
1
u —P

- a, —a, —a,

1 1 1
superposition —{—a.x; + —[-a@, X, +—(u—a,x;)]} = x,
Let py=ux
SoVta yta, yvta, y=u

v={(b, +Z72p+blp2)y

y=bux;+b,(x,—ax)+ b p(x, —a.x,)

=02+ 0, (0, —ay;) + 4, /1:2_171”1 “1:3

=00, +0,(%, —ayxy) + 5 (x —ay0;) — hay (v, — ayxy)

= (b, — ab, — a5 + b} ) xy + (b, — ba)x, + b,

B, b 1 0 0|4 1
B, |= —ab + b, = —q 1 0]24|=|q
B; @b~ ab, —a b + b, a~a, a 1]b @,

LS}

B;
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