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现代控制理论 Modern Control Theory

Introduction
Essential Prerequisites
1、 Elementary Circuit Theory
2、 Elementary Control Theory
3、Matrix and its Manipulation

Classic Control Theory: single input-single output linear constant system (SISO)
Variable: input, output, error—feedback system
Method: frequency domain (response 响应 )

root locus
Modern Control Theory: multi-input—multi-output

Constant or time-varying, linear or non-linear system
Method: state-space (状态空间) ，time-domain

Dynamic—differential equation
Static—algebraic equation

Classes of
Dynamics Systems

Distributed
parameter

Lumped
parameter

stochastic deterministic

continuous time discrete

non-linear linear

time varying constant coefficient

nonhomogeneous homogeneous

Chapter I state space method in linear system
Part 1 Continuous System
Section 1 The State Space Prescription Of Linear Time-invariant systems
1. Linear Components on Analog Simulation
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2. Formulation of State Equations
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2.2 From Differential Equation
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use simulation diagram as a tool



4

-3

∫∫
v

∑

y8

4

7−

6−

∑

wp 2 pw w

vvvyyyy 4328147 ++=+++
•••••••••

vppyppp )432()8147( 223 ++=+++

)(
)(

8147
432

)(
)(

23

2

tw
tw

ppp
pp

tv
ty

+++
++

=

-3

∫
v

∑

y
2

7−

14−

∑

wp3 wp2
wp

8−

4∫
w

3

3x 2x 1x
∫

v
x
x
x

x
x
x

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−−
=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

•

•

•

1
0
0

7148
100
010

3

2

1

3

2

1

[ ] [ ]v
x
x
x

y 0234

3

2

1

+
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

method 2. (
p
1

nested form)



5

vpvvpypyypyp 4328147 223 ++=+++

)48()314()27(23 vyvypvypyp +−++−++−=

)]}48(1314[127{1 vy
p

vy
p

vy
p

y +−++−++−=

-3

∫∫
v

∑

8−

∑ ∫

14−

∑

2

3

7−

4 y3x2x1x

v
x
x
x

x
x
x

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

•

•

•

2
3
4

710
1401
800

3

2

1

3

2

1

[ ] [ ]v
x
x
x

y 0100

3

2

1

+
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

method 3. diagonalized, decouple
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2.3 From Circuit Diagram
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2.4 Simultaneous Differential Equation
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section 2 The Solution of State Equation Of Linear Time-invariant System
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Consider the special case (scalar state)
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⎣

⎡

+−−
−−−
−−

=−

m
m
m

MAI

λ
λ

λ

λ

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡−
=

=

1
1
1

1

1

1

M

λ

similarly

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

14
1
11

2M
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=
1
1
1

3M

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−
=

1141
111
1111

M
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=−

300
020
001

1AMM

Given AXX =
•

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

2
6
5

)0(X



17

Find )(tX for 0≥t

Solution Let MqX = AMqMq 1−
•

=

Then

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

•

•

•

3

2

1

3

2

1

300
020
001

q
q
q

q
q
q

33

22

11

3

2

qq

qq

qq

=

−=

=

•

•

•

)0()(
)0()(

)0()(

3
3

3

2
2

2

11

qetq
qetq
qetq

t

t

t

=

=

=
−

where

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
−−

== −

10
23
15
8
30
95

2
6
5

12315
220
102515

30
1)0()0( 1XMq

deduce Ate given A

suppose Λ=− AMM 1

1−=

Λ=

MAMA
MAM

⋯++++= 3322

!3
1

!2
1 tAtAAtIe At

1

122

11
2

11

}
!2
1{

))((
!2

−Λ

−

−−−−

=

+Λ+Λ+=

+ΛΛ+Λ+=

MMe

MttIM

MMMMtMtMMM

t

⋯

⋯
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1

2

2

00
00
00

−−

−

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
= M

e
e

e
Me

t

t

t

At

general solution

)0()(
)0()(
1XMMetX

XetX
t

At

−Λ=

=

Given
)0(X
AXX =

•

Assume that A has distinct eigenvalue nλλλλ ⋯321 ,,

Then there exists a non-singular ],[ 21 nMMMM ⋯= such that

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=−

n

AMM
λ

λ
⋱

1

1

Transformation Let MqA =

qAMqMq

n

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

== −
•

λ

λ
λ

⋱
2

1

1

nnn qq

qq

qq

λ

λ

λ

=

=

=

•

•

•

⋮
222

111

)0()(

)0()(
)0()(

22

11

2

1

n
t

n

t

t

qetq

qetq
qetq

nλ

λ

λ

=

=

=

⋮

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

==

)(

)(
)(

],[)()( 2

1

21

tq

tq
tq

MMMtMqtX

n

n ⋮
⋯
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t
nn

tt

nn

netqMetqMetqM
tqMtqMtqM

λλλ )()()(
)()()(

21

2211

2211

⋯
⋯

++=

++=

)0()0()0()0(
21 qMqMqMX n+++= ⋯

where )0()0(),0( 21 nqqq ⋯ are arbitrary constants

example : XX ⎥
⎦

⎤
⎢
⎣

⎡
=

•

01
10

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡−
=

⎥
⎦

⎤
⎢
⎣

⎡−
==

⎥
⎦

⎤
⎢
⎣

⎡−
=⎥

⎦

⎤
⎢
⎣

⎡
=

=−=

−+=−=⎥
⎦

⎤
⎢
⎣

⎡
−

−
=−

−

−

2
1

2
1

2
1

2
1

11
11

],[

10
01

0
0

1,1

)1)(1(1
1

1
][

1

21

2

11

21

2

M

MMM

AMM

AI

λ
λ

λλ

λλλ
λ

λ
λ

Let MqX = then tt eqMeqMtX 21 )0()0()( 2211
λλ +=

tt eqMeqM )0()0( 2211 += −

adjust initial condition to suppress te mode

⎥
⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡−
=⎥

⎦

⎤
⎢
⎣

⎡

= −

)0(
)0(

2
1

2
1

2
1

2
1

)0(
)0(

)0()0(

2

1

2

1

1

X
X

q
q

XMq

0)0(2 =q )0()0( 21 XX −= teqtX −

⎥
⎦

⎤
⎢
⎣

⎡−
= )0(

1
1

)( 1
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Case 3

A has repeated engenvalues em
e

mmAI )()()( 21

21 λλλλλλλ −−−=− ⋯

suppose 43 )4()2( +− λλ

find

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
×−

×−
×−

×
×

=−

4
4

4
4

2
2

2

1AMM

superdiagonal × either 1 or 0

suppose JAMM =

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

=−

5
4
14

14

1

],,,[],,,[
],,,[],,,[

42312211114321

43214321

MMMMMMAMAMAMAM
JMMMMMMMMA

MJAM

λλλλ ++=
=

=

424

3123

2112

111

MAM
MMAM
MMAM

MAM

λ
λ
λ

λ

=
+=
+=

=

example Given XX
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

•

232
011
001

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

2
4
1

)0(X find )(tX for 0≥t

solution )2()1( 2 −−=− λλλ AI

2,1 321 === λλλ



2

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=−

200
010
011

1AMM or

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

200
010
001

assume

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

200
010
011

],,[],,[ 321321 MMMMMMA

33

212

11

2MAM
MMAM

MAM

=
+=

=

0]2[
][

0][

3

12

1

=−
−=−

=−

MAI
MMAI

MAI

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

3
1
0

1M
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

5
0
1

2M
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

1
0
0

3M

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
=

153
001
010

M
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=−

135
001
010

1M

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=−

200
010
011

1AMM

solution 1 Let MqX = then qq
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

•

200
010
001

)0()(
)0()(

)0()0()(

3
2

3

22

211

qetq
qetq

qteqetq

t

t

tt

=

=

+=

solution 2 AXX =
•
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)0()0( 1

2

XM
e

e
tee

MXeX
t

t

tt

At −

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
==

Forced Systems
State Transition Matrix

Definition: linear time invariant system AXX
•

The STM ),( 0ttφ is a matrix (with argument 0, tt

Such that )(),()( 00 tXtttX φ= for all 0, tt

e.x. )2,5(φ then )2()2,5()5( XX φ=

)6,9(φ then )6()6,9()9( XX φ=

the general solution KetX At=)(

at KetXtt At0)(, 00 == )( 0
0 tXeK At−=∴

At

ttA

ttA

et
ett

tXetX

=∴

=∴

=
−

−

)0,(
),(

)()(
)(

0

0
)(

0

0

φ

φ

Solution of a forced system

Given
DVCXY
BVAXX

+=
+=

•

)0(X i.e. )( 0tX find )(tX for 0tt ≤

ττ

ττ

ττττ
τ

τ

τ

ττ

dBVeetXetX

dBVetXetXe

dBVedXe
d

BVetXe
dt
d

BVeAXeXe

BVeAXeXe

t

t
AAtttA

t

t
AAtAt

t

t
AAt

t

AtAt

AtAtAt

AtAtAt

∫+=

∫=−

∫=∫

=

=−

+=

−−

−−−

−−

−−

−−
•

−

−−
•

−

0

0

0

0

00

)()()(

)()()(

)()]([1

)]([

0
)(

0



4

∫+= −− t

t
tAttA dBVetXe

0

0 )()( )(
0

)( τττ

)()()()(
0

0 )(
0

)( tDVdBVCetXCety t

t
tAttA +∫+= −− τττ

Frequency Domain

Solution )0(][}][{ 11 XASICVDBASICY −− −++−=

Numerical integration
Forward Euler Method (integrate step by step)

bvaxx +=
•

)}()({)(])1[( kTbvkTaxTkTxTkx ++=+

)()()1( kTTbvkTxaT ++=

0=k )0()0()1()( TbvxaTTx ++=

1=k )()()1()2( TTbvTxaTTx ++=

Backward Euler Method

]})1[()({][])1[(
]})1[(])1[({)(])1[(

)(])1[(

1

)1(

TkTBVkTXATITkX
TkbvTkaxTkTxTkx

dt
dxTkTxTkx Tkt

++−=+

++++=+

+=+

−

+=

here Aa⇒ Bb⇒
Trapezoidal Method

])()[(
2
1)(])1[( )1( TktkTt dt

dx
dt
dxTkTXTkX +== +⋅+=+

Part 2 Linear Discrete Systems

State Equation
)()()(

)()(])1[(
kTDVkTCXkTY

kTBVkTAXTkX
+=

+=+

Formulation of State Equation
1. From Simulation Diagram

a) amplifier
b) summer
c) delayer
difference equation
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T∑

∑

T

5

3−

2

4−

)(kTv

)(kTy
)(1 kTx)(2 kTx

)()(3)(4])1[(
)(])1[(

212

21

kTvkTxkTxTkx
kTxTkx

+−−=+
=+

⎥
⎦

⎤
⎢
⎣

⎡
−−

=∴
34
10

A ⎥
⎦

⎤
⎢
⎣

⎡
=

1
0

B

)(5)(2)( 21 kTxkTxkTy +=

[ ]52=C 0=D
2. From Difference Equation

e.x.

])3[(5])3[(7])2[(6])1[(4)(
)(5)(7])1[(6])2[(4])3[(
)(5)(7])1[(6])2[(4])3[(

TkvTkyTkyTkykTy
kTvkTyTkyTkyTky
kTvkTyTkyTkyTky

−+−−−−−−=
+−+−+−=+
=++++++

∑ TTT)(kTv 5

4−

6−

7−

)(kTy

])1[( Tky +])3[( Tky + ])2[( Tky +

define shift operation E

])1[()(1
])2[()(

])1[()(

TkfkTf
E

TkfkTEfE
TkfkTEf

−=

+=⋅
+=

∆
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)()593()(7)(6)(4)( 223 kTvEEkTykTEykTyEkTyE ++=+++

Method 1.
764

593
)(
)(

23

2

+++
++

=
EEE

EE
kTv
kTy

Define )(
764

)(
23

kTw
EEE

kTv
=

+++

)()593()(
)()764()(

2

23

kTwEEkTy
kTwEEEkTv

++=

+++=

∑ T T T

4−

6−

7−

9

3

5

∑

)(kTv

)(kTy

])1[( Tkw +])2[( Tkw +])3[( Tkw + )(kTw

Method 2. nested form

))]}(5)(7(1)(6[1)(4{1)(

)(5)(7)(6)(4)( 23

kTvkTy
E

kTy
E

kTy
E

kTy

kTvkTykTEykTyEkTyE

+−+−+−=

+−−−=

3. FromApproximate Continuous System State Equation

这 部 分 内 容 上 课 的 时 候 没 有

讲？？？？？？
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Solution of the unforced system

Given
)(

)()1(
kCXY

kAXkX
=

=+
)0(X find )(kX , )(kY

Solution : 0=k )0()1( AXX =

)0()(

)0()2()3(
)0()1()2(

3

2

XAkX

XAAXX
XAAXX

k=

==

==

⋮

KA state transition matrix, i .e. )0,(kφ

Methods for finding kA
1. by direct multiplication

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

n

A
λ

λ
⋱

1

diagonal matrix

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

k

n

kk

n λ

λ

λ

λ
⋱⋱

11

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

n

A
λ

λ
1

11

⋱ Jordan form

Binomial Theorem: scalars 222 2)( bababa ++=+

⋯+++=+ −− 22211)( baCbaCaba n
n

n
n

nn

matrices ))(()( 2 BABABA ++=+

22

22

2 BABA
BABBAA

++=

+++=
iff BAAB =

⋯+++=+ −− 22211)( BACBACABA n
n

n
n

nn

iff BAAB =



2

⋯+

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−
+

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−

−

−

−

0
00

00
00

!2
)1(

0
0

0
0

0
10

10
10

1
1

1

2

2

1

1

1

k

k

k

k

k

k

k

k

k

kk

kkk
λ

λ

λ
λ

λ

λ
λ

λ
λ

λ
λ

λ
λ

λ
λ

λ
λ

2. diagonalize

Λ=− AMM 1 or J
1111 )())(( −−−− Λ=ΛΛΛ= MMMMMMMMA kk ⋯

Ex. )(
5.15.0
10

)1( kXkX ⎥
⎦

⎤
⎢
⎣

⎡
−

=+ , )0(X find )(kX

Solution: )0()( XAkX k= ⎥
⎦

⎤
⎢
⎣

⎡
−

=
5.15.0
10

A

)1)(5.0(5.05.1
5.15.0

1 2 −−=+−=
−
−

=− λλλλ
λ

λ
λ AI

5.01 =λ , 12 =λ

],[ 21 MMM = 0][ 11 =− MAIλ

0][ 22 =− MAIλ

⎥
⎦

⎤
⎢
⎣

⎡
=

15.0
11

M ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=−

21
221M

⎥
⎦

⎤
⎢
⎣

⎡
−+
×−×+−

=⎥
⎦

⎤
⎢
⎣

⎡
−

−
⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=

kk

kk

k

k
kA

5.025.01
5.0225.021

21
22

10
05.0

15.0
11

2. Caylay-Hamilton Theorem
Every square matrix satisfies its own characteristic equation

⎥
⎦

⎤
⎢
⎣

⎡
−

=
5.15.0
10

A find kA
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AkkA
kk

k

k

)()(
)()(?1?

10

10

αα

λααλλ

+=

+=+=

)()(1
5.0)()(5.0

10

10

kk
kk

k

k

αα

αα

+=

⋅+=
k

k

k
k

5.022)(
5.021)(

1

0

×−=

×+−=

α
α

⎥
⎦

⎤
⎢
⎣

⎡
−

×−+⎥
⎦

⎤
⎢
⎣

⎡
×+−=

5.15.0
10

)5.022(
10
01

)5.021( kkkA

4. Z transformation

Given
)()()(

)()()1(
kDVkCXkY

kBVkAXkX
+=

+=+
)0(X

find )(kX and )(kY for ⋯,2,1,0=k

solution: )0(X

0=k , )0()0()1( BVAXX +=

1=k , )1()0()0()1()1()2( 2 BVABVXABVAXX ++=+=

2=k )2()1()0()0()2()2()3( 23 BVABVBVAXABVAXX +++=+=

In general )1()1()0()0()( 021 −++++= −− kBVABVABVAXAkX kkk ⋯

∑ −+=
−

=

−−
1

0

1 )()1()0(
k

n

nkk nBVkuAXA

for ⋯,2,1,0=k here )(⋅u is unit function

)()()1()0()(
1

0

1 kDVnBVkuCAXCAkY
k

n

nkk +∑ −+=
−

=

−−

)(kf ∑ ==
∞

=

∆

0
)(1)()}({

k k
zF

z
kfkfZ

kz
kf

z
f

z
ff 1)(1)2(1)1()0(

2
++++= ⋯

)(tf ∑ ==
∞

=

∆

0
)(1)()}({

k k
zF

z
kTfkTfZ
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kz
kTf

z
Tf

z
Tff 1)(1)2(1)()0(

2
++++= ⋯

Ex. )()( tutf = find )(zF

⋯⋯ +⋅++⋅+⋅+=
kzzz

zF 1111111)(
2

111

1
−

=
−

=
z
z

z

iff 11
<

z

Ex. atetf −=)( kTt = T is sampling period

⋯⋯ +⋅++⋅+⋅+= −−−

k

akTaTaT

z
e

z
e

z
ezF 1111)(

2

2

aT

aT

ez
z

ze

−−
=

−
= 11

1
iff 11

<
zeaT

Ex. ttf =)(

⋯⋯ +⋅++⋅+⋅+=
kz

kT
z

T
z

TzF 11210)(
2

]113121[1
12
⋯⋯ +⋅++⋅+⋅+⋅=

−kz
k

zzz
T

⋯
⋯⋯

++++=

++++++++
32

3232

4321
)1)(1(

www
wwwwww

2

2

22

12

)1(
)11

1(

)111)(111(

]113121[1

−
=

−
=

++++++=

+⋅++⋅+⋅+⋅
−

z
Tz

z
z
T

zzzzz
T

z
k

zzz
T

k

⋯⋯

⋯⋯

iff 11
<

z
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)()( zFtf ↔ )0()()( zfzzFTtf −↔+

proof: })3(1)2(1)({1)}({
2

⋯+++⋅=+ Tf
z

Tf
z

Tf
z

zTtfZ

)0()(

})0()3(1)2(1)(1)0({

})3(1)2(1)(1{

32

32

zfzzF

fTf
z

Tf
z

Tf
z

fz

Tf
z

Tf
z

Tf
z

z

−=

+−+++=

+++=

⋯

⋯

Inverse Z Transform
1. Long division

⋯++=
++
++

=
56

5 1214
19
124)(

zzzz
zzzF

5

56

1214

12419
zz

zzzz

+

++++

54z
z
1436 ++

z
z 14352 −−

z2
54

12118
zz

++

54

121181435
zzz

−−−−

=)(kf

⋮
2
0
4
0

⋮
5

4,3,2
1
0

=
=
=
=

k
k
k
k

z
az

a
z
a

az
zzF

−
=+++=

−
=

1

11)(
2

2

⋯ 0, >> aaz
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kakf =)(

reference formula

)1)(1(
)1(

1

1
1
1

22

2

0

2

⋯⋯

⋯

++++++=
−

∑=+++=
−

∞

=

wwww
w

www
w k

k

∑ +=

+++++++=
∞

=0

32

)1(

)1(4321

k

k

k

wk

wkwww ⋯⋯

k

k

k

k

wkkkk
w

wkk
w

∑
++++

=
−

∑
++

=
−

∞

=

∞

=

0
5

0
3

!4
)4)(3)(2)(1(

)1(
1

!2
)2)(1(

)1(
1

2)(
)(

az
zzF
−

= find )(kf

⋯⋯ +++=+++=
−

⋅=
3

2

2

2

2

321))(321(1

)1(

11)(
z
a

z
a

zz
a

z
a

z
z
az

zF

2. Partial Fraction Expansion

Ex.

)
7
1)(

5
1)(

3
1(

72)(
−−−

+
=

zzz

zzF

kkk bbbkbkf

z

zb
z

zb
z

zbbzF

zzz

z
zz

zF

)
7
1()

5
1()

3
1()()(

7
1

5
1

3
1)(

)
7
1)(

5
1)(

3
1(

721)(

3210

3210

+++=

−
+

−
+

−
+=

−−−

+
⋅=

δ
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the 1st term =
0
0b

⋯,3,2,1
0

=
=

k
k

3. Residue Theorem

)1)(1)(1(1
)(

24 −++
=

−
=

zzz
z

z
zzF

)1111(1
11

11
12843

4

3
⋯++++⋅=

−
⋅=

zzzz
z

z

⋯+++=
15113

111
zzz

=)(kf
0
1

otherwise
k ⋯,15,11,7,3=

Part 3. Sinusoidal Steady State Analysis

)(tvi

Ω1

F2

H5.0

0v
+

−

±

Given ttvi 2cos10)( =

Find )(0 tv is steady state

)4()1(
10

4
10

12
1)(

4
10)(

12
1)(

22220

2

2
0

++
=

+
⋅

++
=

+
=

++
==

ss
s

s
s

ss
sv

s
ssv

ssv
vsH

i

i
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let 2jjws ==
21.25

1
43

1)2(
∠

=
+−

=
j

jH

)21.22cos(2|)(
2

0

21.2
0

−=
=

∞=

−

ttv
ev

t

j

Ex.
15.05.0

1)(
23

2
0

+++
++

==
sss

sssH
v
v

i

tvi cos= , 1=w , 1jjws ==

find )(0 tv in steady state

solution:
π
4
3

21)1(
j
ejjH =+−=

)
4
3cos(2)(0
π

+=∞→ ttv t

check whether π→ttv )(0 is right or not .

115.05.0
1)()(

223

2

0 +
⋅

+++
++

==
s
s

sss
sssvsHv i

poles:
2

425.05.0,1 −±
=−=

jss

so the system is unstable, cann’t solve this question by the method: iHvv =0

discrete: Given )()(])1[( kTBVkTAXTkX +=+

)()()( kTDVkTCXkTY +=

)cos()( kwTVkTV m=

find )(kTY in steady state

)(}][{)0(][)( 11 zVDBAzICzXAzICzY +−+−= −−

assume the 1st term contributes nothing to steady state.

Because eigenvalues of 1<A
Then )()()( zVzHzY =
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2
cos)(

jkwTjkwT

mm

eevkwTvkTV +
==

jwT
m

jwT
m

ez
zv

ez
zvzV

−−
+

−
=

22
)(

]
22

)[()(
jwT

m
jwT

m

ez
zv

ez
zvzHzY

−−
+

−
=

0⇒+
−

+
−

=
−

⋯
jwTjwT ez
zw

ez
wz

iff. 1<pole

Ex.

)
4
1)(

2
1(

)(
−−

=
zz

zzH in steady state

jwTjwT ez
zw

ez
wzzY

−−
+

−
=)(

where θj
m

mjwTmjwT

ez
eHveHvez

z
zYw

jwT 2
)(

2
)]()([lim ==−=

→

Then
jwT

j
mm

jwT

j
mm

ez
zeHv

ez
zeHvzY

−

−

−
+

−
=

22
)(

θθ

jkwT
j

mmjkwT
j

mm eeHveeHvkTY −
−

+=
22

)(
θθ

)cos(

)(
2

)()(

θ

θθ

+=

+= +−+

kwTHv

eeHv

mm

kwTjkwTjmm

Ex.

2
1)(

−
==
z

zzH
V
Y

)
4

2.0cos(10)
4

cos(10)( ππ
+=+= kwtkTV

if 2=w 1.0=T

find )(kTY in steady state
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solution: 19.0

2.0

2.0

925.1

2
1)]([ 2.0

j

j

j

ez
e

e

ezH j

−

=
=

−
=

)595.02.0cos(25.19)19.0
4

2cos(25.19)( +=−+= kkTkTY π

conclusion:
1. continuous

)(sHwtvtv m cos)( = )(ty

)cos()( θ+= wtvHty mm where jws
j

m sHeH == )]([θ

if the system is stable.
2. discrete

)(zH )(kTy)cos()( kwTvkTv m=

)cos()( θ+= kwTvHkTy mm where jwTez

j
m zHeH

=
= )]([θ

Chapter Ⅱ Lyapunov Stablility

Section 1 Stability Definition
1. Asymptotic Stability (zero input)

Without any input, XX ,
•

eventually become zero

1) continuous system
DVCXtY
BVAXtX

+=
+=

•

)(
)(

The system is said to be asymptotic stable with zero input, 0)(lim =
∞→

tX
t

for all

)0(X .

2) discrete system
)()()(

)()()1(
kDVkCXkY

kBVkAXkX
+=

+=+

The system is said to be asymptotic stable with zero input, 0)(lim =
∞→

kX
t

for all

)0(X .

Testing method:
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1) continuous system

)())((

][][

)0()(

21

111

n

At

At

AsI

AsI
AsIadjLAsILe

XetX

λλλλλλ −−−=−

−
−

=−=

=

−−−

⋯

All the eigenvalues of A should have negative real part ⇔ The system is

asymptotic stable.
2) discrete system

}
)()(

][{}][{}]{[

)0()(

1

1111

n

k

k

zz
AzIadjz

AzI
AzIadjzzAzIzA

XAkX

λλ −−
−

=
−
−

=−=

=

−−−−

⋯

All the eigenvalues of A have magnitude less than 1 (within unit circle) ⇔ The

system is asymptotic stable.
2. BIBO—bounded input bounded output (zero state)

The system is said to be BIBO stable if with 0)0( =X
Bounded inputs bounded outputs:

1) all the poles of transfer function )(sH have negative real part ⇔ BIBO stable.

)()()(
)(}][{)0(][)( 11

sVsHsY
sVDBAsICXAsICsY

=
+−+−= −−

number of poles ≤ number of eigenvalues of A
2) all the poles of )(sH have magnitude less than 1.

AsI
AsIDBAsICadjDBAsICsH

−
−+−

=+−= − ][][][)( 1

conclusion: Asymptotic stable ⇒ BIBO stable
BIBO stable ⇒may be or may be not Asymptotic stable

In steady state

)cos()( θ+= wtVHty mm if system is AS or BIBO &

0)0( =X .

)cos()( θ+= kwTVHkTy mm , jwTez

j
m zHeH

=
= )]([θ

if system is AS or BIBO & initially relaxed.
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3. Lyapunov Stability

With 0)( =tV ,if for every )(),0( tXX remains bounded for all t , then we say
the system is stable in sense of Lyapunov.

Testing method: 1) Eigenvalues of A 0Re <iλ for all iλ , then stable in sense of

Lyapunov.

2) if some ⇒> 0Re iλ not stable in sense of Lyapunov.

3) If some iλ has zero real part, need further work.

Section 2. Lyapunov Theorem
Positive Definition Quadratic Function

Let )(xv is a scalor function of vector X , S is a closed finite area of X space

including origin,

Definition: )(xv is positive definite (or semi-positive definite) if for all the X in s:

1) )(xv has continuous pariial derivatives to each element in X.

2) 0)0( =V .

4) when 0≠X , 0)( >xv (or )0)( ≥xv

if in 3) the inequality is in opposite direction, then )(xv negative definite.

Ex. 1.function 2
2

2
1)( xxxv +=

1) when 0)(,021 === xvxx

2) 1x or 0)(,02 >≠ xvx ,therefore )(xv is positive definite

2.function 2
21 )()( xxxv +=

1) when 0)(,021 === xvxx

2) 1x or ,02 ≠x 0)( ≥xv , therefore )(xv is semi-positive definite.

The quadratic function PXXxp T=)(
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P : weighting matrix ,

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

nnn

n

pp

pp
P

1

111

⋱

∑∑=
= =

n

i

n

j
jiij xxPxp

1 1
)(
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Sylvester Theorem

a. P is a symmetric matrix, )(XP is positive definite, iff all the pre-sub-determinants are

positive.

i.e. 11p , ⎥
⎦

⎤
⎢
⎣

⎡

2221

1211det
pp
pp

,

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

333231

232221

131211

det
ppp
ppp
ppp

, [ ]Pdet,⋯

b. if all the sub-determinants are non-negative, then )(XP is semi-positive definite.

i.e. [ ]P
pp
pp

pp
pp

pp
pp

ppp det,,det,det,det
3332

2322

3331

1311

2221

1211
,33,22,11 ⋯⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡

c. if )(XP− is positive definite, the )(XP is negative definite.

Lyapunov Theorem

System ),( tXfX =
•

is stable at its origin, if there exists a positive definite function )(XV in

some neighborhood of the origin, such that the derivative of V ,

∑∑
== ∂
∂

=
∂
∂

=
n

i
i

i

n

i

i

i

tXf
x
V

dt
dx

x
V

dt
dV

11
),( , is semi-negative definite.

Furthermore, ∞→
∞→

)(lim XV
X

, then 0=eX is stable in large range.

Another version: 0)(,0)( <>
•

XVXV , then the system is AS.

The zero solution of system ),( tXfX =
•

is unstable, if in some neighborhood R of origin

there exists a positive definite function )(XV , its derivative )(XV
•

is positive definite in R .

That is: 0)(,0)( >>
•

XVXV , then zero solution of system ),( tXfX =
•

is unstable.

Conclusion:① stableXVXV ⇒≤>
•

0)(,0)(

② ASXVXV ⇒<>
•

0)(,0)(

③ unstableXVXV ⇒>>
•

0)(,0)(

ex.
)(

)(

2
2

2
1212

2
2

2
1121

xxxxx

xxxxx

+−−=

+−=
•

•
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equilibrium state (condition: 021 ==
••

xx

i.e. 0,0 21 == xx

define a Lyapunov Function as 2
2

2
1)( xxXV +=

furthermore,
•••

+= 2211 22)( xxxxXV

0)(2

)(22)(22
22

2
2
1

2
2

2
1

2
221

2
2

2
1

2
121

<+−=

+−−+−=

xx

xxxxxxxxxx

then the system is AS.

ex. ⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−−

=
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
•

•

2

1

2

1

11
10

x
x

x

x

the only balance state: 0,0 21 == xx

1. define Lyapunov Function as 2
2

2
1)( xxXV += is positive definite,

furthermore, 2
22211 222)( xxxxxXV −=+=

•••

is semi-negative definite ,

at the equilibrium state is stabe, not AS.

2. define another Lyapunov Function as )2)[(
2
1)( 2

2
2
1

2
21 xxxxXV +++= is positive definite,

furthermore, 0)(2))(()( 2
2

2
122112121 <+−=++++=

•••••

xxxxxxxxxxXV is negative definite,

so the balance state is AS.
Conclusion: ① Lyapunov Function is not unique;

② L.T. is sufficient condition of stability, not necessary condition.

Section 3. The Application of Lyapunov Method in Linear System
1. Test the stability of Linear System

System AXX =
•

, define Lyapunov Function PXXXV T=)( ,

The derivative of )(XV to t :
••

+= XPXPXXXV TT)(

QXXXPAPAX
PAXXPXAX

TTT

TTT

=+=

+=

)(

PAPAQ T +=

if Q− is positive definite, the Q is negative definite.
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Let IQ −= , see P is positive definite or not?

Theorem: AXX =
•

the eigenvalues of A ji λλ , for all 0,,2,1, ≠≠= jiji λλ⋯ ,such

that PAPAQ T += has unique solution.

ex. ⎥
⎦

⎤
⎢
⎣

⎡
−−

=
32
10

A

let ⎥
⎦

⎤
⎢
⎣

⎡
=

2212

1211

pp
pp

P , IQ −=

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=⎥

⎦

⎤
⎢
⎣

⎡
−−⎥

⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−
−

10
01

32
10

31
20

2212

1211

2212

1211

pp
pp

pp
pp

4
1,

4
5

221211 === ppp

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=

4
1

4
1

4
1

4
5

P , P is positive definite.

So PXX T is positive definite.
So system is stable.

Method 1. find the Lyapunov Function

[ ]2221
2
1

2

1
21 25

4
1

4
1

4
1

4
1

4
5

],[)( xxxx
x
x

xxXV ++=⎥
⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

= is positive definite

)(]22210[
4
1)( 2

2
2
122211211 xxxxxxxxxxXV +−=+++=

•••••

is negative definite.

So system is stable in large range.
Method 2. Sylvester Theorem

0
4
1

4
1

4
1

4
1

4
5

det,0
4
5

11 >==>= Pp

P∴ is positive definite.
∴ the origin is AS.

Ex.

212

211

4

2

xxx

xxx

−=

−−=
•

•

the equilibrium state: if 021 ==
••

xx
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04
02

21

21

=−
=−−

xx
xx

⎥
⎦

⎤
⎢
⎣

⎡
=∴

0
0

ex

Given ⎥
⎦

⎤
⎢
⎣

⎡
−
−

=
41
21

A let IQ −=

60
11,

60
7,

60
23

221211 =
−

==∴ ppp

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−

=

60
11

60
7

60
7

60
23

P is positive definite.

∴ the equilibrium state is AS.
2. Several Performance indices of Lyapunov system

Define
),(
),(
tXV
tXV

•

−=η to AS system , 0>η

↑η , the convergence of the movement is faster.

If η is a constant, then
dt

t

tetXVtXV
∫

=
−
0),(),(
η

)(
0

0),( ttetXV −= η

define ]
),(
),(min[min tXV
tXV

•

−=η is the slowest velocity towards the origin.

System AXX =
•

find minη

All the eigenvalues have negative real part, i.e. the system is AS in large range.

Let PXXV T= then QXXV T=
•

where PAPAQ T +=

Under the constraint of 1== PXXV T to find X such that QXXV T=
•

is

minimized, i.e. { } min),(
),(min1;min η=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧
−==

•

tXV
tXVPXXQXX TT

Solve by Lagrange Multiplier

)1( PXXQXXN TT −+= µ

0220
min
=−==

∂
∂

XPXQX
X
N

µ
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0)(
min
=− XPQ µ

0)det( =− PQ µ

01 =−− IQP µ

ex. Given 1,5.0,
11
10

2

1

2

1 ==⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−−

=
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
•

•

nx
x

x

x ϖξ

estimate the maximum time constants by Lyapunov Function

define PXXV T= then XPAPAXQXXV TTT )( +==
•

let IQ −= therefore ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=⎥

⎦

⎤
⎢
⎣

⎡
−−⎥

⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−
−

10
01

11
10

11
10

2212

1211

2212

1211

pp
pp

pp
pp

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=
1

2
1

2
1

2
3

P , so ]2)[(
2
1 2

2
2
1

2
21 xxxxPXXV T +++==

)()( 2
2

2
1 xxXV +−=

•

, 2
221

2
1

2
2

2
1

223
)(2
xxxx

xx
V
V

++
+

=−=
•

η

,0
1

=
∂
∂
x
η

then 2121 618.0,618.1 xxxx −==

substitute in the equation 447.1,553.0 maxmin == ηη

∴ the upper bound of V converging time is s81.11

min

=
η

∴ )(XV converges twice faster than )(tX , i.e. the upper bound of converging time for

X , s62.32

min

==
η

τ

time constant sT
n

21
==

ξϖ

ex. Given the 2nd order system

02 =++
•••

xxx ξ the damping coefficient is greater than zero.
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Define ∫=
t

t

T dttQXtXXV
0

)()(),( ξ

Let 0,
0

01
≥⎥

⎦

⎤
⎢
⎣

⎡
= µ

µ
Q , find ξ to minimized V

AXX =
•

, ⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−−

=
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
•

•

2

1

2

1

21
10

x
x

x

x
ξ

, ⎥
⎦

⎤
⎢
⎣

⎡
−−

=
ξ21
10

A

solve the equ. Above

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

+
+

=

ξ
µ

ξ
µξ

ξ

4
1

2
1

2
1

4
1

)(P

)()())(( 000 tPXPtXtXV T +=

)()()]()(][
4
1[)( 02010

2
20

2
10

2
1 txtxtxtxtx ++

+
+=

ξ
µξ

when 0)( 02 =tx , then )
4
11)(())((

20
2
1

0

ξ
µ

ξ
+

−=
∂

∂ txtXV
,i.e.

2
1 µ

ξ
+

=

choose 0=µ ,
2
1

=ξ , ξ is too small and system oscillates.

⎥
⎦

⎤
⎢
⎣

⎡
=

00
01

Q , integration index dtxXV ∫= 2
1),( ξ ;

choose 707.0,1 == ξµ , ξ is ideal damping.

⎥
⎦

⎤
⎢
⎣

⎡
=

10
01

Q , integration index dtxxXV )(),( 2
2

2
1∫ +=ξ

Section 4. The Application of Lyapunov Method in non-linear system
1. The 1st Lyapunov Method

Suppose )(Xf is continuous and differentiable vector function, it is linearized in the

neighborhood of the equilibrium state to Xσ , the ),0( XgAXX +=
•

, where

M
i

i

x
fA )(
∂
∂

= nji ⋯,3,2,1, = is Jacobian Matrix at point M .

The linear part of the equation XAX σσ =
•

is the 1st order approximation:
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1) if the linearized equation is AS, then the original system is AS.
2) if the linearized equation has even one root with oppositive real part, then the zero

solution of the original system is also unstable at the origin.
3) if the linearized eqution has some eigenvalues with zero real part (marginal case), then the

stability of original non-linear system could not be tested by the linearized eqution. And
the 2nd and higher order term must be considered and the 2nd Lyapunov Method is used.

Proof: define PXXV T= , XXV T=
•

, IQ −=

Derivative 10,))(
2
1()(

1,
<<

∂
∂

+−= ∑
=

•

i
ii

n
T kxx

xx
XkfXXXV φα
βαβα

The coefficients of 2nd order terms are bounded, therefore, in a sufficient
neighborhood.

222

2
1

2
1 XXXV −=+−=

•

obviously
•

V is negative definite.

∴ original system is stable.

Ex. Given non-linear system
3
212

3
121

axxx

axxx

+=

+−=
•

•

Test the stability at zero state solution.

⎥
⎦

⎤
⎢
⎣

⎡ −
=⎥

⎦

⎤
⎢
⎣

⎡ −
=

=
= 01

10
31
13

0
0

2
2

2
1

2
1
x
xax

ax
A

the characteristic equation and its eigenvalues:

jIAD ±==+=−= λλλλ ,01)( 2

define Lyapunov Function )(
2
1 2

2
2
1 xxV += , then )()( 3

212
3
121 axxxaxxxV +++=

•

)( 4
2

4
1 xxa +=

1) 0>a ,
•

V p.d., the origin is unstable.

2) 0=a , 0=
•

V , origin is stable, but not AS.

3) 0<a ,
•

V n.d., origin is AS.
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2． Define Lyapunov Function for a non-linear system
no unified method for non-linear system

for pendulum

lmg
dt
dH ⋅−== ϕϕ sin2

2

, where 2mlH =

ϕϕ sin2

2

l
g

dt
d

−=

set 1x=ϕ , 2xdt
d

=
ϕ

then
12

21

sin x
l
gx

xx

−=

=
•

•

let )cos1(
2
1),( 1

2
221 x

l
gxxxV −+= , obviously π≤≤ 10 x

so V is positive definite.

0sin)sin(sin 21121122 =⋅+−=+=
•••

xx
l
gx

l
gxxx

l
gxxV

so system is stable at origin, but not AS.

Non-linear system

22

4
211 22

xx

xxx

−=

+−=
•

•

(a) 1st method

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=⎥

⎦

⎤
⎢
⎣

⎡

−
−

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

∂
∂

∂
∂

∂
∂

∂
∂

=
∂
∂

⎥
⎦

⎤
⎢
⎣

⎡
=

10
02

10
82

0
0

2
2

2

2

1

2

2

1

1

1

X

x

x
f

x
f

x
f

x
f

X
f

linearized system YY ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

•

10
02

at 0=Y

01,02 21 <−=<−=∴ λλ

∴ linear system is AS at origin, also original system is AS at origin.

(b) Krasovski Method to build )(XV

Non-linear, time-invariant unforced system

0)0( =f , )(Xf is differentiable to 21, xx
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Jacobian Matrix )()()( XJXJXQ T += (where IP = )

For the example above,

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=⎥

⎦

⎤
⎢
⎣

⎡
−

−
+⎥

⎦

⎤
⎢
⎣

⎡
−

−
=

20
04

10
02

10
02

)(XQ is negative definite.

Then 0=eX is AS (sufficient condition)

If ∞→X , ⎥
⎦

⎤
⎢
⎣

⎡

−
+−

−+−==
2

4
21

2
4
21

22
],22[)()()(

x
xx

xxxXfXfXV T

∞→++−= 2
2

24
21 )22( xxx

then the system is globally AS.
(c) variable gradient method

set )(XV , ⎥
⎦

⎤
⎢
⎣

⎡
∇
∇

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

∂
∂
∂
∂

=
2

1

2

1

x
V
x
V

gradV

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

∂
∂∇

∂
∂∇

∂
∂∇

∂
∂∇

=
∂

∂

=
∂
∂

+
∂
∂

=
••••

2

2

1

2

2

1

1

1

2
2

1
1

)(

)()(

xx

xx
X

gradV

XgradVx
x
Vx

x
VV T

if symmetric, the 0)( =gradVrot .

Step 1. let ⎥
⎦

⎤
⎢
⎣

⎡
=

222121

212111

xaxa
xaxa

gradV

Step 2. build 0))(()22)(()( 2222121
4
21212111 <−+++−+=

•

xxaxaxxxaxaXV

Step 3. from gradV to build )(XV in a conservative field

22221
)(

0 2112121
)0(

0 11 )()()( 11221 dxxaxadxxaxaXV xxxxx
+++= ∫∫

==

2
2222121

2
111 2

1
2
1 xaxxaxa ++=

Chapter III Canonical State Models
Controllable and Observable

Section 1. Canonical State Models
Four Canonical State Models
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Ex.
•••

+=+ uuyy 25

••••

++−== uuytuyyFy 25),,,(

1)
•••••••••

++=+++ ubububyayayay 123321

ξ
ξ
⋅

+++
++

=
32

2
1

3

2
123

apapap
pbpbb

u
y 0)0( =x

ξ

ξ

)(

)(
2

123

32
2

1
3

pbpbby

apapapu

++=

+++=

∫ ∫∫

1b

2b

3b

1a−

2a−

3a−

∑ ∑ yu
1x 2x 3x

•••

ξ
••

ξ
•

ξ ξ

[ ] [ ]u
x
x
x

bbby

u
x
x
xaaa

x

x

x

0

0
0
1

010
001

3

2

1

321

3

2

1321

3

2

1

+
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −−−
=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

•

•

•

2) Laplace Transformation

)()()()()()(

)(
)(
)()()(

)()()()(

1

32
2

1
3

32
2

1

32
2

132
2

1
3

ssbsusasbsY

su
sa
sbsu

asasas
bsbsbsY

subsbsbsYasasas

ξ==

=
+++

++
=

++=+++

−

where )()()( 1 susas −=ξ
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∫∫∑ ∫∑ ∑

1a−

2a−

3a−

1β2β3β

u

1x 2x 3x y•••

y
••

y
•

y

[ ] [ ]u
x
x
x

y

u
x
x
x

aaax

x

x

0001

100
010

3

2

1

3

2

1

3

2

1

1233

2

1

+
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−−
=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

•

•

•

β
β
β

Let yx =1 )(1)(1)(1 33322211 yaub
p

yaub
p

yaub
p

y −+−+−=

Define 211 xubpyx +==
•

when )(1)(1 1332122112 xaub
p

xaub
p

xax −+−+−=

)(1)( 133122112 xaub
p

xaubxax −+−+−=
••

)(1)( 1331221112 xaub
p

xaxaubab −+−−−=

where )(1 13312213 xaub
p

xaxax −+−−=

13312213 xaubxaxax −+−−=
•••

132231312211
2
1 )( xaxaxaubbababa −−−+−−=
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⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−−
+−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

3

2

1
1

12

1

3

2

1

12
2
1

1

312211
2
1

211

1

3

2

1

1
01
001

1
01
001

b
b
b

aa
a

b
b
b

aaa
a

bbababa
bba

b

β
β
β

here 321 ,, βββ Markov 数

3.Obvservable Canonical Form

upbpbbapapapy )()( 2
12332

2
1

3 ++=+++

u
p
bu

p
bu

p
b

p
ya

p
ya

p
yay 1

2
2

3
3

33221 +++−−−=

)]}(1)[(1){(1
332211 yaub

p
yaub

p
yaub

p
−+−+−=

∫∫∑ ∫∑ ∑

1a−2a−3a−

1b2b3b

u

3x 2x 1x y

[ ] [ ]u
x
x
x

y

u
b
b
b

x
x
x

a
a
a

x

x

x

0001

00
10
01

3

2

1

3

2

1

3

2

1

3

2

1

3

2

1

+
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−

=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

•

•

•

4．Controllability Canonical Form
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∫∫∑ ∫∑ ∑

1a−2a−3a−

3β

2β

1β

u
1x 2x 3x y∑

superposition 3333231 )]}(1[1{1 xxau
p

xa
p

xa
p

=−+−+−

Let 3

^
xy =

uyayayay =+++∴
••••••

^

3

^

2

^

1

^

^
2

123 )( ypbpbby ++=

)()( 3121312233 xaxpbxaxbxby −+−+=

1121123
2
1112213

312113211312233

31121312233

)()(

)()()(
)(

xbxabbxabbabab

xaxabxaxbxaxbxb
xabxbxaxbxb

+−++−−=

−−−+−+=
−+−+=

••

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−−
+−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

3

2

1
1

12

1

3

2

1

12
2
1

1

312211
2
1

211

1

3

2

1

1
01
001

1
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001

b
b
b

aa
a

b
b
b

aaa
a

bbababa
bba

b

β
β
β
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